RIBBON-MOVES OF 2-KNOTS: THE TORSION LINKING PAIRING 
AND THE ^-INVARIANTS OF 2-KNOTS 

EIJI OGASA 

Abstract. We discuss the ribbon- move for 2-knots, which is a local move. Let K and 
K' be 2-knots. Then we have: Suppose that K and K' are ribbon-move equivalent. 

(1) Let ToiHi{Xk', Z) (resp. TotHi{Xk'','Z)) be the Z-torsion submodule of the Alexan- 
der module 7?i(X^;Z) (resp. Hi{Xk']'^))- Then Tori? i ( ; Z) is isomorphic to 
Torff 1 ( ATx' ; Z) not only as Z-modules but also as Z[t, t^^]-modules. 

(2) The Farber-Levine pairing for K is equivalent to that for K' . 

(3) The set of the values of the Q/Z-valued fj invariants for K is equivalent to that for 
K'. 



1. Ribbon-moves of 2-knots 

This paper is a sequel of the author's preprint [14 . When the content of this paper and 
that of ^3] will be published, they will be made into one paper. For the convenience of 
the readers, this paper includes some parts of [13] . See [Ej for other parts. The results of 
this paper include all of the results of and are stronger than those of ^3] . Theorems 
in Theorem 2.1.(2) is a new result in this paper. 

In this paper we discuss ribbon-moves of 2-knots. In this section we review the defini- 
tion of ribbon-moves. 

An (oriented) 2- (dimensional) knot is a smooth, oriented submanifold K of which 
is diffeomorphic to the 2-sphere. We say that 2-knots Ki and K2 are equivalent if there 
exists an orientation preserving diffeomorphism f : ^ such that f{Ki)=K2 and 
that flxi '■ Ki ^ K2 is an orientation preserving diffeomorphism. Let id : S'^ ^ S"^ be the 
identity. We say that 2-knots Ki and K2 are identical iiid{Ki)=K2 and idlx-^ : Ki ^ K2 
is an orientation preserving diffeomorphism. 

Definition 1.1. Let Ki and K2 be 2-knots in 5*^. We say that K2 is obtained from Ki 
by one ribbon-move if there is a 4-ball B embedded in S*^ with the following properties. 

(1) Ki coincides with K2 in — B. This identity map from Ki — B to K2 — B is 
orientation preserving. 

1991 Mathematics Subject Classification. Primary 57M25, 57Q45, 57R65 
Keyword: 2-knots, ribbon-moves of 2-knots, the jy-invariants of 2-knots, the Farber-Levine pairing of 
2-knots, the Alexander module, the /i-invariant of 2-knots . 



(2) B n Ki is drawn as in Figure 1.1. B (1 K2 is drawn as in Figure 1.2. 

We regard B as (a closed 2-disc) x [0, 1] x {t| — 1 ^ t ^ 1}. We put Bt =(a closed 
2-disc)x[0, 1] X {t}. Then B = UBt. In Figure 1.1 and 1.2, we draw B_o,5, Bq, B0.5 C B. 
We draw Ki and K2 by the bold line. The fine line denotes dBt. 

B n Ki (resp. B fl K2) is diffeomorphic to 11 {S^ x [0, 1]), where 11 denotes the 
disjoint union. 

B r\Ki has the following properties: Bt fl Ki is empty for —1 ^ t < and 0.5 < t ^ 1. 
BoHKi is diffeomorphic to D^U{S^ x [0,0.3])n(5i x [0.7, 1]). ^o.snfsTi is diffeomorphic 
to {S^ X [0.3, 0.7]). Bt n Ki is diffeomorphic to 5^ H 5^ for < t < 0.5. (Here we draw 
5^ X [0, 1] to have the corner in Bo and in -Bq.s- Strictly to say, S fl i^i in 5 is a smooth 
embedding which is obtained by making the corner smooth naturally.) 

Br\K2 has the following properties: Btr\K2 is empty for —1 ^ t < —0.5 and < t ^ 1. 
Son 7^2 is diffeomorphic to D^U{S^ x [0,0.3])n(Si x [0.7, 1]). S^o.sHKs is diffeomorphic 
to {S^ X [0.3, 0.7]). Bt n K2 is diffeomorphic to U for -0.5 < t < 0. (Here we draw 
X [0, 1] to have the corner in Bq and in -B_o.5- Strictly to say, B (1 Ki in B is a smooth 
embedding which is obtained by making the corner smooth naturally.) 

In Figure 1.1 (resp. 1.2) there are an oriented cylinder x [0, 1] and an oriented disc 
as we stated above. We do not make any assumption about the orientation of the 
cylinder and the disc. The orientation of B (1 Ki (resp. B fl K2 ) coincides with that of 
the cylinder and that of the disc. 

Figure 1.1. 
Figure 1.2. 

Suppose that K2 is obtained from Ki by one ribbon-move and that K2 is equivalent 
to K2. Then we also say that K2 is obtained from Ki by one ribbon-move. If Ki is 
obtained from K2 by one ribbon-move, then we also say that K2 is obtained from Ki by 
one ribbon-move. 

Definition 1.2. Two 2-knots Ki and K2 are said to be ribbon-move equivalent if there 
are 2-knots Ki = Ki, K2, Kj—i, = K2 (r G N, p > 2) such that Ki is obtained from 
Ki-i (1 < z ^ r) by one ribbon-move. 

Problem 1.3. Let Ki and K2 be 2-knots. Find a necessary (resp. sufficient, necessary 
and sufficient ) condition that Ki and K2 are ribbon-move equivalent. 

In 112] the author proved: 
Theorem 1.4. (^3]) (l)If 2-knots K and K' are ribbon-move equivalent, then 
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where /i( ) is the fi{ ) invarinat of 2-knots defined naturally from the fi{ ) invariant of 
3-manifolds. 

(2) Let Ki and K2 be 2-knots in S^. Suppose that Ki are ribbon-move equivalent to K2- 
Let Wi be an arbitrary Seifert hypersurface for Ki. Then the torsion part of {Hi{Wi) © 
Hi(}V2)} is congruent to G ® G for a finite abelian group G. 

(3) Not all 2-knots are ribbon-move equivalent to the trivial 2-knot. 

(4) The converse of (1) is not true. The converse of (2) is not true. 

2. Main results 

Let K he a. 2-knot. Let be the canonical infinite cyclic covering space for K. 
The homology group Z) is not only a Z-module but also a Z[t, t~^]-module. Let 

Tori7i(X^;Z) denote the Z-torsion submodule of i/i(X^;Z). Then ToriJi(X^;Z) is 
not only a Z-module but also a Z[t, t~^]-module. 

Theorem 2.1. Let K and K' be 2-knots. Suppose that K and K' are ribbon-move 
equivalent. Then there is an isomorphism 

c : 1oiHi{X^- Z) TorFi(X^,; Z), 

where the homomorphism c is not only one as Z-modules but also one as Z[t, t~^]-modules, 
with the following properties. 

(1) Let x,y E Torifi(X^; Z). Then we have 

\'k{x,y) = \k{c{x),c{y)), 

where lk( ) denotes the Farber-Levine pairing. That is, the Farber-Levine pairing on 
Torifi(X^;Z) is equivalent to that on Torifi (X^, ; Z) . 

(2) Let a : Hi{X^; Z) Zp be a homomorphism. Note that there is a homomorphism 
a' : Hi{X^,; Z) ^ Zp such that 

c^Wor = {ct'Wor) ° c. Thcn we have fj^K, a) = fji^K', a') G 

Q/Z. That is, the set of the values of the Q/Z-valued fj invariants for K is equivalent to 
that for K'. 

Note. Theorem 2.1 (2) is a new result in this paper. Theorem 2.1 other than (2) is 
proved in [Tlj . 

Note. See [1-17] for the Alexander module, the Farber-Levine pairing, the 77-invariants 
of 2-knots, and the related topics. 

3. Proof of Theorem [0^2) 
By using |14j, we prove Theorem 12. If 2). we complete the proof of Theorem 12.11 
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Proposition 3.1. Let V be a closed oriented 3-manifold. Let a, (3 : iJi(\^;Z) Zp be 
homomorphisms, where p is a natural number greater than one. Let {ti, ...,t^} be a set 
of generators of Tor HiiV^Z). Suppose that a(ti) = [3{ti) for each i. Then we have 
v{V,a)-v{V,/3)eZ. 

Proof of Proposition 13. IL Recall that the homomorphism a (resp. f3) induces a 
continuous map V K{Zp, 1), call it a (resp. /3) again. Let Tj be a tubular neighborhood 
of ti. Let = Ti n ... n T^. Then we can suppose that a\N = P\n- 

Take V x [0, 3]. Take x [1, 2] C F x [0, 3]. Define a map 
/ : y X [0, 1] U X [1, 2] U F X [2, 3] K{Zp, 1) with the following properties. 

(1) /kx[o,i] : X [0, 1] K{Zp, 1) is defined by 
{x, t) f— > a{x). 

(2) /|yx[2,3] : X [2, 3] ^ K{Zp, 1) is defined by 

(3) /Ux[i,2] : AT X [1, 2] K{Zp, 1) is defined by 
{x,t)^aix){= (3ix)). 

Let X = F X [0, 1] U AT X [1, 2]UV x [2, 3]. Let M = dX - {V x {0}) - {V x {3}). Let 
7 = flu- Then we have 

d{V X [0, 1] U A^ X [1, 2]UV X [2, 3], /) 

= (v^ X {0}, /|vx{o}) n (\/ X {3}, /|vx{3}) n (M, /Im) 

= {V,a)U-{V,(3)U{M,^). 

Hence we have r/{V,a) — rj{V, f3) = rj{M,'~f). From now we investigate M. Note that 
M = d{{V-N) X [1,2]). 

Claim 3.2. We have TorHi{V - N;Z) = for each i. 

Proof of Claim 13.21 Since \^ — A^ is a compact oriented 3-manifold with boundary 
and d{V — N) ^ 0, there is a handle decomposition of one 0-handle, 1-handles, and 
2-handles. By using this handle decomposition, we can calculate Hiiy — N]Z). Hence 
we have i:oiHi{V - A^; Z) = for i ^ 1. 

By the Poincare duality, the universal coefficient theorem, and the excision, we have 
Tor/fi(r - A^; Z) = Tori7i(V - A^, d{V -N);Z) = TotHi{V, N; Z). Consider the Mayer- 
Vietoris exact sequence: 

H^{N; Z) ^ Hi{V; Z) H,{V, N; Z). 
By the definition of A^, it holds that 
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Consider Hi{N] Z) Hi{V; Z). By the definition of tfie inclusion ^ l^, it liolds tliat 

Imi = ToiHiiV; Z). Furtliermore, we liave Im {HiiV, N; Z) Ho{N; Z)} is torsion free. 
Hence Hi{V, N;7j) is torsion free. Hence Hi{V — N;7j) is torsion free. This completes 
the proof of Claim 

Claim 3.3. We have TorHi{M;Z) ^ 0. 



Proof of Claim Recall that Af = d{{V - N) x [1,2]). Consider the Mayer- Vietoris 
exact sequence: 

H,{M;Z)^H,{{V-N) x [1,2];Z) S H,{{V - N) x [1,2],M;Z) 
and consider the following part: 

H2{{V-N) X [1, 2]; Z) ^ H2{{V-N) x [1, 2], M; Z) ^ Hi{M; Z) A Hi{{V-N) x [1, 2]; Z). 

By applying the Poincare duality and the universal coefficient theorem, we can obtain 

Hi{{V -N)x [1, 2]; Z) and Hi{{V - N) x [1, 2], M; Z) 

by using Hi{V - N;Z). By Claim EI21 Hi{V - N; Z) is torsion free. 

Hence we have {1)H2{{V - N) x [1,2],M;Z) is torsion free, put it to be Z^, and (2) 

Hi{{V -N) X [1, 2]; Z)) is torsion free, put it to be Z^. 

Let X be any 2-cycle in (V—N) x [1, 2]. Then we can suppose that x C (V^— A^) x {1} c M. 
Hence H2{{V - N) x [1, 2]; Z) ^ H2{(y - N) x [1, 2], M; Z) is the zero map. Hence we 
have an exact sequence: 

^ Z^ ^ Hi{M;Z) Z^. 
Hence Hi{M; Z) is torsion free. This completes the proof of Claim ESI 

Claim 3.4. Let M be a closed oriented 3-manifold. Suppose that Hi{M;Z) is torsion 
free. Let 'y be a homomorphism Hi{M; Z) — > Zp. Then we have rj{M,'y) G Z. 

Proof of Claim 13.41 By an elementary discussion on homomorphisms, we have the 
following commutative diagram. 

Tc y 

Hi{M; Z) 
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where the above homomorphism Hi{M; Z) — Z is called (. Then 7' o ^ = 7. Then we 
can regard 

C eRom{Hi{M; Z),Z) 
= H\M; Z) 

= {homotopy classes of maps M — * K{Z, 1)} 

and 

y oC GHom(i/i(M; Z),Zp) 

= {homotopy classes of maps M K{Zp, 1)}. 
The above commutative diagram induces the following commutative diagram. 

K{Z, 1) X K{Zp, 1) 

Tc A 

M 

The above commutative diagram induces the following homomorphism. 

[{MX)] ^ [(M,yoC)] 

By bordism theory, we have n^{K{Z, 1)) ^ n^{S'^) ^ 0. Therefore we have [(M, 7'o()] = 
0. Therefore we have (M, 7' o ^) = d{W,T) for a compact oriented 4-manifold W and a 
continuous map r. Hence we have rj{M,'^' o Q = \{a{W,T) — a{W)). Hence we have 
rj{M,'y' o (^) G Z. Hence we have rj{M,'~f) G Z. This completes the proof of Claim 1231 

Proposition 13.11 holds by Claim 13.31 13.41 

Note. Furthermore we could prove: Let X and Y be closed oriented 3-manifolds. Sup- 
pose that there is an isomorphism c : Tori^i(X;Z) TotHi{Y;Z) such that \k{e,S) = 
lk(c(e), c{6)) for any pair of elements e, 5 G Tori7i(X; Z). Let f : X ^ BZp and g : Y ^ 
BTip be continuous maps such that the homomorphism /^Ixor : Torifi(X;Z) — > Zp and 
(yf^lTor : Tor_f/'i(F; Z) Zp satisfy = c o 51^^. Then we have rj{X, f) = rj(Y, g) modZ. 

Recall we prove the following in [Hj [?] . 

Proposition 3.5. Suppose that is obtained from by one ribbon move. Then we 
have the following. 

(1) There are Seifert hyper surf aces for and for such that is diffeomor- 
phic to V^. 
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(2) There are a lift Kc^^ of V< in a lift V^^^ of Vy in X'^^, and a difjeomorphism 
h : y<,^ — ^ y>,5 such that we have the following commutative diagram. 

1 1< I Tor .onto |t 

> I Tor jOntO 

TotH, (X-^ ; Z) '-5 ToiH, ; Z) , 

(^c?^ Let x,y & Tori^i (X^^ ; Z) . Lei lk( , ) denote the Farber-Levine pairing. Then 
\'k{x,y) = \k{c{x),c{y)). 

We prove: 

Proposition 3.6. We can add the following condition (4) to Proposition \3.^ 

(4) Let a;< : Hi{X'^^; Z) ^ Zp be a homomorphism. Note that there is a homomorphism 

a;> : Hi{X'^^] Z) Zp such that 

tt<|Tor = {oL>\Tor) ° c. Thcn wc havc fi{K^,a^) = fi{K^,a~^). That is, the set of the 
values of the rj-invariants of the 2-knot coincides with that of as above. 

Proof of Proposition 13.61 By the definition of tlie f/-invariants of 2-knots, we have 
filK^, a;<) = fjiV^^, a;< o i<) mod Z and 

ri{K-^,ay) = fj{V-^,ay o l^) mod Z. By using the commutative diagram in Proposition 
13.51 we have 

(a<|Tor) o (t<|Tor) = (Q;>|Tor) oco (i<|Tor) = (a>|Tor) o (t>|Tor) o/i : Torifi(K:;Z) 
Zp. 

Hence we have 

v{V<,a< o i<) 

= fi{V<^, a> o i> o h) 

= v{h{V<),a> ° L>) 
= ^(V'>,a> o i>). 

This completes the proof of Proposition 13.61 

By using Proposition 13.61 some times, Theorem 12.11 holds. 
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